Abstract. Let Z X be the free unitary associative ring freely generated by an infinite countable set X = {x1, x2, . . .
Introduction
Let Z be the ring of integers and let Z X be the free unitary associative ring on the set X = {x i | i ∈ N}. Then Z X is the free Z-module with a basis {x i 1 x i 2 . . . x i k | k ≥ 0, i l ∈ N} formed by the non-commutative monomials in x For n ≥ 2, let T (n) be the two-sided ideal in Z X generated by all commutators [a 1 , a 2 , . . . , a n ] (a i ∈ Z X ).
It is clear that the quotient ring Z X /T (2) is isomorphic to the ring Z[X] of commutative polynomials in x 1 , x 2 , . . . . Hence, the additive group of Z X /T (2) is a free abelian group. Recently Bhupatiraju, Etingof, Jordan, Kuszmaul and Li [2] have noted that the additive group of Z X /T (3) is also free abelian. In the present note we show that this is not the case for Z X /T (4) .
Our first result is as follows. Let T (3, 2) be the two-sided ideal of the ring Z X generated by all elements [a 1 , a 2 , a 3 , a 4 ] and [a 1 , a 2 , a 3 ][a 4 , a 5 ] where a i ∈ Z X . Clearly, T (4) ⊂ T (3, 2) .
Note that the ideal T (4) is closed under all substitutions x i → a i (i ∈ N, a i ∈ Z X ). By Theorem 1.1 we have 3 [a 2 , a 3 , a 4 ][a 5 , a 6 ] ∈ T (4) ; it follows that 3 a 1 [a 2 , a 3 , a 4 ][a 5 , a 6 ]a 7 ∈ T (4) for all a i ∈ Z X . Thus, we have Corollary 1.2. T (3, 2) /T (4) is a non-trivial elementary abelian 3-group.
Our second result is as follows. Theorem 1.3. The additive group of the quotient ring Z X /T (3, 2) is free abelian.
Thus, the additive group of the ring Z X /T (4) is a direct sum of a nontrivial elementary abelian 3-group T (3,2) /T (4) and a free abelian group isomorphic to Z X /T (3, 2) .
Let
. In particular, for m ≤ 4 the additive group of Z X m /T (4) m is free abelian.
. Then γ n is the n-th term of the lower central series of Z X viewed as a Lie ring. Clearly, T (n) is the two-sided ideal of Z X generated by γ n .
Thus, w + γ 4 is a non-trivial element of finite order (dividing 6) of the additive group of the quotient γ 3 /γ 4 .
Let f ∈ Z X be a multihomogeneous polynomial. It was conjectured in [2] that if f + γ l+1 is a torsion element in γ l /γ l+1 then the degree of f is at least l + 3 (Conjecture 5.3) and the degree of f with respect to each generator x j is a multiple of the order of f +γ l+1 (Conjecture 5.2). Since w is of degree 5 and has degree 1 with respect to each x i , 1 ≤ i ≤ 5, Proposition 1.5 gives a counter-example to these conjectures.
Proof of Proposition 1.5. By the identity (14) of [6] , we have w ∈ γ 3 . It can be deduced from the proof of [1, Lemma 6.1] that 6w ∈ γ 4 . On the other hand,
, we have w / ∈ γ 4 , as required.
Remark 1.6. The proof of Lemma 2.2 below shows that the reason behind the existence of 3-torsion in the additive group of Z X /T (4) is the Jacobi identity. For this reason one might expect the structure of the additive group of Z X /T (n) for arbitrary n > 4 to be similar to that of Z X /T (4) , that is, there should be an ideal I (n) ⊂ Z X such that T (n) ⊂ I (n) , the quotient I (n) /T (n) being an elementary abelian 3-group (possibly trivial for some n) and the additive group of Z X /I (n) being free abelian. This might also suggest that the counter-example to Conjectures 5.2 and 5.3 of [2] given in Proposition 1.5 is in a certain sense exceptional, and that it may be possible to modify the conjectures slightly so that they would be true. 
The following lemma is also well-known (see, for instance, [5] , [7 
On the other hand, if σ = (34) or σ = (24) then, by Lemma 2.1,
Since the transpositions (12), (45), (34) and (24) generate the entire group S 5 of the permutations of the set {1, 2, 3, 4, 5}, for all σ ∈ S 5 we have
Now note that, by the Jacobi identity,
By (2), this equality implies
for each n ≥ 4, all a i ∈ Z X and all permutations σ of the set {1, 2, 3, (n + 1)}. The proof is similar to that of (2) . It follows that
for all n ≥ 4 and all a i ∈ Z X .
By Lemma 2.2, we have 3 v ∈ T (4)
. To prove Theorem 1.1 it remains to prove the following.
Recall that
The following proposition will be proved in the next sections.
5 + I. Lemma 2.4 is an immediate corollary of Proposition 2.5 and Theorem 1.1 follows immediately from Lemmas 2.2 and 2.4. This completes the proof of Theorem 1.1 provided that Proposition 2.5 is proved.
Auxiliary results
Let P n (n ≤ 1) be the subgroup of the additive group of Z X generated by all monomials which are of degree 1 in each variable x 1 , . . . , x n and do not contain any other variable. Then P n is a free abelian group of rank n!. Let L(X) be the free Lie ring on the free generating set X, L(X) ⊂ Z X . Define V n = L(X) ∩ P n . The following lemma is well known (see, for instance, [3, Exercise 4.3.8]).
Lemma 3.1. For each n > 1, V n is a free abelian group with a basis
Proof. It can be easily proved using the Jacobi identity that the commutators of (3) generate V n as a subgroup of the additive group of Z X . On the other hand, the leading term (in the lexicographic order) of the commutator [x n , x i 1 , . . . , x i n−1 ] is the monomial x n x i 1 . . . x i n−1 . Hence, distinct commutators of (3) have distinct leading terms. It follows that the elements of (3) are linearly independent so they form a basis of V n .
Let W 1 be the subgroup of the additive group of Z X 5 generated by all elements
(1 ≤ j ≤ 5) be the subgroup of W 1 generated by the elements 1 . On the other hand, by the same lemma, the set
It follows that W Now we are in a position to complete the proof of Lemma 3.2. Suppose that f ∈ W 1 ∩ W 2 . Since f ∈ W 2 , we have f ∈ Ker ν i for all i. On the other hand, f ∈ W 1 so f = f 1 + · · · + f 5 where f i ∈ W (i) 1 . For each i we have f i ∈ Ker ν i because f ∈ Ker ν i and f j ∈ Ker ν i for all j = i. Since W 
Lemma 3.3. W 2 is a free abelian group with a basis B.
Proof. It can be easily seen that B ⊂ W 2 and B generates W 2 as a subgroup of the additive group of Z X 5 . On the other hand, the leading monomials (in the lexicographic order) of distinct elements of B are distinct so the elements of B are linearly independent. The result follows.
Let φ : Z X 5 → Z X 5 /I be the natural epimorphism, φ(f ) = f + I for all f ∈ Z X 5 . Let W = W 1 + W 2 and let U = φ(W ), U i = φ(W i ) (i = 1, 2). Then Ker φ ∩ W = 0 so φ| W : W → U is an isomorphism. Hence, Lemmas 3.2 and 3.3 imply the following assertions. 
Proof of Proposition 2.5
It is clear that the additive group of the ring Z X 5 is a direct sum of the subgroups R i (i ≥ 0) generated by the monomials of degree i,
It is also clear that T (4) 5
is generated as a subgroup of the additive group of Z X 5 by the polynomials a 1 [a 2 , a 3 , a 4 , a 5 ]a 6 where a i (1 ≤ i ≤ 6) are monomials. It follows that T (4) 5 ∩ R i is generated as an additive group by the polynomials above such that ) 5 is generated as an additive group by
We claim that R 5 ∩ T
5 is generated as an additive group by the elements (5)
Indeed, it is straightforward to check repeating the calculations of the proof of Lemma 2.1 that all elements (4) belong to the additive group generated by (5) and (6) . On the other hand, it is clear that all elements (5) belong to R 5 ∩ T (4) 5 . By Lemma 2.1, all elements (6) belong to R 5 ∩ T (4) 5 as well. Therefore, the elements (5) and (6) ) 5 is generated by the elements (5) and (6), we have R 5 ∩ T (4) 5 ⊆ U . Let U ′ 2 be the subgroup of U 2 generated by all elements [x i 1 , x i 2 , x i 3 , x i 4 , x i 5 ]+ I. It follows easily from Lemma 3.1 that U ′ 2 is a free abelian group and the set {b + I | b ∈ B 1 } is a basis of U ′ 2 . Then, by Corollary 3.5, U 2 /U ′ 2 is a free abelian group with a basis formed by the images of the elements of B 2 and B 3 .
Note that U/(
2 ) is a free abelian group with a basis formed by B 2 ∪ B 3 where
5 . Since U 1 + U ′ 2 is generated by the elements (5) and R 5 ∩ T (4) 5 is generated by the elements (5) and (6), the quotient group (R 5 ∩ T
is generated by the images of elements (6) .
Let H be the free (additive) abelian group freely generated by the set
Let Q be the subgroup of H generated by the elements
Proof. It can be easily seen that ψ(Q) = 0 so Q ⊆ Ker ψ. Therefore, one can define a homomorphism ψ :
and let C = C 2 ∪ C 3 . It can be easily checked that, modulo Q, each element h i 1 i 2 i 3 i 4 i 5 can be written as a linear combination of elements of C so the quotient group H/Q is generated by the set C. Note that ψ(C j ) = B j (j = 2, 3); hence, ψ(C) is a basis of the free abelian group U/(U 1 + U ′ 2 ). It follows that Ker ψ = 0 so Ker ψ = Q, as required.
Let P be the subgroup of H generated by Q together with all elements
is generated by the images of the elements (6) , that is, by the images of [ 
To complete the proof of Proposition 2.5 we need the following.
Proof. Let µ : H → Z be the homomorphism of H into Z defined by
where σ = 1 2 3 4 5
Now we are in a position to complete the proof of Proposition 2.5. Let
5 ) be the natural epimorphism and let
5 + I. The proof of Proposition 2.5 is completed.
Proof of Theorem 1.3
Let Q be the field of rationals and let Q X be the free unitary associative Q-algebra on the free generating set X, Z X ⊂ Q X . Let T (3,2) Q be the ideal in Q X generated by all elements [a 1 , a 2 , a 3 ][a 4 , a 5 ] and [a 1 , a 2 , a 3 , a 4 ] where a i ∈ Q X . It is clear that T (3, 2) 
The idea of the proof of Theorem 1.3 is similar to one used in [2] to prove that the additive group of Z X /T (3) is free abelian. We will define a certain set D ⊂ Z X and prove that, on one hand, {d + T
and, on the other hand, {d + T (3,2) | d ∈ D} generates the additive group of Z X /T (3, 2) . Then {d + T (3,2) | d ∈ D} is a linearly independent generating set of the additive group of Z X /T (3, 2) so this additive group is free abelian (with a basis {d + T (3, 2) 
The following lemma is well-known (see [5, Note that the argument above shows also that the congruence (7) holds in Z X modulo T (3, 2) .
Let C be the unitary subalgebra in Q X generated by all commutators [x i 1 , x i 2 , . . . , x i k ] where k ≥ 2, i s ∈ N for all s, x i ∈ X for all i. Let 
In the proof of the next lemma we make use of a result proved in [7] and [9] . Lemma 5.6. The additive group of the quotient ring Z X /T (3,2) is a free abelian group with a basis {d + T (3,2) | d ∈ D}.
Proof. It is straightforward to check that, modulo T (3, 2) , each element of Z X can be written as a linear combination of elements of D. Hence, the set{d + T (3,2) | d ∈ D} generates the additive group of Z X /T (3, 2) .
On the other hand, by Corollary 5.5, the elements of D are linearly independent modulo T
